We complete the computation of spectral measures for SU (3) nimrep graphs arising in subfactor theory, namely the SU (3) ADE graphs associated with SU (3) modular invariants and the McKay graphs of finite subgroups of SU (3). For the SU (2) graphs the spectral measures distill onto very special subsets of the semicircle/circle, whilst for the SU (3) graphs the spectral measures distill onto very special subsets of the discoid/torus. The theory of nimreps allows us to compute these measures precisely. We have previously determined spectral measures for some nimrep graphs arising in subfactor theory, particularly those associated with all SU (2) modular invariants, all subgroups of SU (2), the torus T 2 , SU (3), and some SU (3) graphs.
Introduction
The Verlinde algebra of SU(n) at level k is represented by a non-degenerately braided system of endomorphisms N X N on a type III 1 factor N with fusion rules λµ = ν N µ λν ν [33] . The fusion matrices N λ = [N σ ρλ ] ρ,σ are a family of commuting normal matrices, and themselves give a representation of the fusion rules of the positive energy representations of the loop group of SU(n) at level k, N λ N µ = ν N µ λν N ν , the regular representation. This family {N λ } of fusion matrices can be simultaneously diagonalised:
where 1 is the trivial representation, and the eigenvalues S σ,λ /S σ,1 and eigenvectors S σ = [S σ,µ ] µ are described by the symmetric modular S matrix.
Braided subfactors N ⊂ M (the dual canonical endomorphism is in Σ( N X N ), i.e. decomposes as a finite linear combination of endomorphisms in N X N ) yield modular invariants through the procedure of α-induction which allows two extensions of λ on N to endomorphisms α ± λ of M, such that the matrix Z λ,µ = α + λ , α − µ is a modular invariant [8, 6, 16] . The action of the N-N sectors N X N on the M-N sectors M X N produces a nimrep (non-negative matrix integer representation of the fusion rules)
whose spectrum reproduces exactly the diagonal part of the modular invariant, i.e.
with the spectrum of G λ = {S µ,λ /S µ,1 with multiplicity Z µ,µ } [9] . The labels µ of the non-zero diagonal elements are called the exponents of Z, counting multiplicity. Every SU(2) and SU(3) modular invariant can be realised by α-induction for a suitable braided subfactor [31, 32, 34, 4, 5, 8, 9] , [31, 32, 19] respectively. For SU (2) , the classification of Cappelli, Itzykson and Zuber [11] of SU(2) modular invariants is understood in the following way. Suppose N ⊂ M is a braided subfactor which realises the modular invariant Z G . Evaluating the nimrep G at the fundamental representation ρ, we obtain for the inclusion N ⊂ M a matrix G ρ , which is the adjacency matrix for the ADE graph G which labels the modular invariant. Since these ADE graphs can be matched to the affine Dynkin diagrams -the McKay graphs of the finite subgroups of SU(2) -di Francesco and Zuber [13] were guided to find candidates for classifying graphs for SU(3) modular invariants by first considering the McKay graphs of the finite subgroups of SU (3) to produce a candidate list of ADE graphs whose spectra described the diagonal part of the modular invariant. The classification of SU(3) modular invariants was shown to be complete by Gannon [23] , and the complete list is given in [19] . Ocneanu claimed [31, 32] that all SU(3) modular invariants were realised by subfactors and this was shown in [19] . The figures for the list of the ADE graphs are given in [2] , or in [18, 19] . However this list of nimreps has not been shown to be complete.
In general, different inclusions which yield different nimreps may still realise the same modular invariant, as is the case in SU(3) with the inclusions for the graphs E , which both realise the modular invariant Z E (12) [7, Section 8] . Thus any modular invariant may have more than one nimrep associated to it (although this is not the case in SU(2)). However, in SU(3) there is uniqueness in the reverse direction, that is, each nimrep has an unique modular invariant associated to it, due to the coincidence that at any level k each SU(3) modular invariant has a different trace. Unlike the situation for SU (2) , there is a mismatch between the list of nimreps associated to each SU(3) modular invariant and the McKay graphs of the finite subgroups of SU(3) which are also the nimreps of the representation theory of the group. The latter also have a diagonalisation as in (1) , with diagonalising matrix S = {S ij } usually non-symmetric, where i labels conjugacy classes and j the irreducible characters (see [17, Section 8.7] and [21, Section 4] ). Both of these kinds of nimreps will play a role in this paper.
In [21] we determined spectral measures for some nimrep graphs arising in subfactor theory, particularly those associated with all SU(2) modular invariants and all subgroups of SU(2). Our methods gave an alternative approach to deriving the results of Banica and Bisch [1] for ADE graphs and subgroups of SU (2) , and explained the connection between their results for affine ADE graphs and the Kostant polynomials. We also determined spectral measures for the torus T 2 and SU(3), and some SU(3) graphs, namely A (n) , D
and A (n) * , for integers n ≥ 4, k ≥ 2. We now complete the computation of the spectral measures for the SU(3) ADE graphs in this present work, as well as all finite subgroups of SU (3) .
Suppose A is a unital C * -algebra with state ϕ. If b ∈ A is a normal operator then there exists a compactly supported probability measure µ b on the spectrum σ(b) ⊂ C of b, uniquely determined by its moments
for non-negative integers m, n. We computed in [21] such spectral measures and generating series when b is the normal operator ∆ = G ρ acting on the Hilbert space of square summable functions on the graph, for the nimreps G described above, i.e. G ρ is the adjacency matrix of the ADE and affine ADE graphs in SU(2) and certain graphs in SU (3) . We computed the spectral measure for the vacuum, i.e. the distinguished vertex of the graph which has lowest Perron-Frobenius weight. However the spectral measures for the other vertices of the graph could also be computed by the same methods.
In particular, for SU(2), we can understand the spectral measures for the torus T and SU(2) as follows. If w Z and w N are the self adjoint operators arising from the McKay graph of the fusion rules of the representation theory of T and SU (2) , then the spectral measures in the vacuum state can be describe in terms of semicircular law, on the interval [−2, 2] which is the spectrum of either as the image of the map
The fusion matrix for SO(3) is just 1 + ∆, where ∆ is the fusion matrix for SU (2) , and thus is equal to the infinite SU(3) ADE graph A (∞) * . Thus the spectral measure µ in the vacuum state (over [−1, 3] ) for SO(3) has semicircle distribution with mean 1 and variance 1, i.e. dµ(x) = 4 − (x − 1) 2 dx [21, Section 7.3].
The spectral weight for SU(2) arises from the Jacobian of a change of variable between the interval [−2, 2] and the circle. Then for T 2 and SU(3), the 3-cusp discoid D in the complex plane is the image of the two-torus under the map (ω 1 , ω 2 ) → ω 1 + ω −1
which is the spectrum of the corresponding normal operators on the Hilbert spaces of the fusion graphs. The corresponding spectral measures are then described by a corresponding Jacobian or discriminant as [21, Theorems 3 & 5] :
where dz := d Rez d Imz denotes the Lebesgue measure on C. For the SU(2) and SU(3) graphs, the spectral measures distill onto very special subsets of the semicircle/circle (SU(2)) and discoid/torus (SU(3)), and the theory of nimreps allows us to compute these measures precisely. In the present work we complete the computation of the spectral measures for the SU(3) ADE graphs in Section 2, and compute the spectral measures for the finite subgroups of SU(3) in Section 3.
Spectral Measures of the SU (3) ADE Graphs
Let ∆ G denote the adjacency matrix of a finite graph G for which ∆ G is normal, and let e v denote the basis vector in ℓ 2 (G) corresponding to the vertex v of G.
n e v , e v defines a spectral measure µ of (G, v) which has m, n th moment
In this work we will compute the spectral measure in the vacuum state, i.e. when v is the distinguished vertex * of G which has lowest Perron-Frobenius weight. However the same method will work for any vertex v of G. For convenience we will use the notation
n e 1 , e 1 . Let β j be the eigenvalues of G, with corresponding eigenvectors x j , j = 1, . . . , s, where s is the number of vertices of G. Then as for SU (2) 
where y j = x j 1 is the first entry of the eigenvector x j . Now suppose G is a finite ADE graph with distinguished vertex * which is the vertex with lowest Perron-Frobenius weight. Every eigenvalue β (λ) of G is a ratio of the Smatrix given by β (λ) = S ρλ /S 0λ , for a Dynkin label λ, with corresponding eigenvector (ψ λ a ) a∈V(G) . Suppose G is the nimrep given by a braided subfactor which realises the modular invariant Z. Then the spectrum of the adjacency matrix
where Exp is the set of exponents of Z counting multiplicity. The moments T 2 R m,n (ω 1 , ω 2 )dε(ω 1 , ω 2 ) of G over T 2 are given by (5) or [21, Equation (48)]:
The spectrum σ(∆ G ) of the adjacency matrix ∆ G of any SU(3) ADE graph G is contained in the spectrum σ(∆) = D = {ω 1 + ω −1
1 ω 2 | ω 1 , ω 2 ∈ T} of the adjacency matrix ∆ Figure 1 : The (3-cusp) discoid D, the union of the deltoid and its interior.
of A (∞) . The (3-cusp) discoid D is the surface given by the union of the deltoid and its interior, illustrated in Figure 1 .
Thus the support of the probability measure µ of G is contained in the discoid D. There is a map Φ : T 2 → D from the torus onto D given by
where
The Weyl group of SU(3) is the permutation group S 3 . Consider the group S 3 as a subgroup of GL(2, Z), generated by the matrices T 2 , T 3 , of orders 2, 3 respectively, given by
The action of S 3 on T 2 is given by T (ω 1 , ω 2 ) = (ω 2 ), for T = (a ij ) ∈ S 3 . For (ω 1 , ω 2 ) = (e 2πiθ 1 , e 2πiθ 2 ), we will define the action of
The quotient T 2 /S 3 is topologically homeomorphic to the discoid D [21, Section 6.1]. The deltoid, which is the boundary of the discoid D, is given by the lines
2 under the action of the group S 3 is illustrated in Figure 2 , where the axes are labelled by the parameters θ 1 , θ 2 in (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 . The boundaries of C map to the deltoid. The torus T 2 contains six copies of C. Any probability measure ε on T 2 produces a probability measure µ = Φ * ε on D. There is a bijection between S 3 -invariant probability measures on T 2 and probability measures on D. We will compute S 3 -invariant spectral measures of the SU(3) graphs on T 2 . It was shown in [21, Section 7.1] that the eigenvalues β (λ) ∈ D, λ ∈ Exp, of an SU(3) ADE graph G are given by
where θ 1 = (λ 1 + 2λ 2 + 3)/3n and θ 2 = (2λ 1 + λ 2 + 3)/3n. Under the change of variable z = e 2πiθ 1 + e −2πiθ 2 + e 2πi(θ 2 −θ 1 ) , we have
where the Jacobian J = det(∂(x, y)/∂(θ 1 , θ 2 )) is the determinant of the Jacobian matrix. The Jacobian J = J(θ 1 , θ 2 ) is given by [21, Equation (39)]
The Jacobian is real and vanishes on the deltoid, the boundary of the discoid D. For the values of θ 1 , θ 2 such that (e 2πiθ 1 , e 2πiθ 2 ) are in the interior of the fundamental domain C illustrated in Figure 2 , the value of J is always negative. In fact, restricting to any one of the fundamental domains shown in Figure 2 , the sign of J is constant. It is negative over three of the fundamental domains, and positive over the remaining three. When evaluating J at a point in z ∈ D, we pull back z to T 2 . However, there are six possibilities for (ω 1 , ω 2 ) ∈ T 2 such that Φ(ω 1 , ω 2 ) = z, one in each of the fundamental domains of T 2 in Figure 2 . Thus over D, J is only determined up to a sign. To obtain a positive measure over D we take the absolute value |J| of the Jacobian in the integral (10) . Since J 2 is invariant under the action of S 3 it can be written in terms of z, z, namely
Since J is real, J 2 ≥ 0, so we can write 
The points (θ 1 , θ 2 ) ∈ [0, 1] 2 for which (e 2πiθ 1 , e 2πiθ 2 ) ∈ D 6 are illustrated in Figure 3 . Notice that the points in the interior of the fundamental domain C (those enclosed by the dashed line) correspond to the vertices of the graph A (6) . The Jacobian J (12) will appear in Section 3 as the discriminant in solutions for the
This discriminant also appears in the work of Gepner [24, Equation (2.64)] as the measure required to make the polynomials S µ (z, z) orthogonal, where the polynomials S ν (x, y) are defined by S (0,0) (x, y) = 1, and xS ν (x, y) =
. The Jacobian may be written in terms of (ω 1 , ω 2 ) ∈ T 2 as [21, Equation (40)]:
Remark: Let 1 denote the trivial representation, ρ the fundamental representation of SU(3) and ρ its conjugate representation. Kuperberg [27, Conjecture 3.4] conjectured that certain A 2 -(k, n)-tangles in the sense of [20, Section 2.3] which do not contain elliptic faces in the sense of [28, Section 4] are a basis for Hom(1, ρ n ρ k ) , and observed that it is sufficient to show that the number of such A 2 -(k, n)-tangles is given by the coefficient of the term ω
In the special case of k = n, this follows from [21, Theorem 5] . Denote by p(k, n) the polynomial in (15) . The coefficient c of the term ω
2 under the action of the Weyl group S 3 of SU(3) gives iJ/2π 2 as in (14) , thus c = T 2 (ω 1 + ω −1
4 . This is the dimension of the path algebra ( cannot be written as a linear combination of measures of the form d (2) d (n) , the uniform measure on D n for n ∈ N.
, the uniform measure on the S 3 -orbit of the points (τ, τ ), (ω τ , ω), (ω, ω τ ), for n ∈ Q, n ≥ 2. Figures 4, 5 respectively. The white circles in Figure 5 denote the points given by the measure d
The cardinalities of the other sets are
for n > 2, and |Supp(d ( (2)) )| = 9. It is easy to check that the following relations hold:
Let A denote the automorphism of order 3 on the exponents µ of A (n) given by A(µ 1 , µ 2 ) = (n−3−µ 1 −µ 2 , µ 1 ). This induces the orbifold invariant Z D (n) , which is treated in [21] , and hence its conjugate orbifold invariant Z D (n) * = Z D (n) C, where C = [δ λ,λ ] is the conjugate modular invariant. The conjugate orbifold invariant is given by
It was shown in [19] that this modular invariant is realised by a braided subfactor with nimrep D (n) * [18, Figure 12 ]. Then as in (9), with
From (6),
where g(λ) is uniquely given by the pair (λ
Then we obtain the following result:
where , where g ∈ S 3 , λ ∈ Exp, for E (8) .
Graph
The modular invariant realised by the inclusion SU(3) 5 ⊂ SU (6) 1 [34, 4, 19] is
The inclusion SU(3) 9 ⊂ (E 6 ) 1 produces the nimrep E (8) [34, 4, 19] . Then as in (9), with θ 1 = (λ 1 + 2λ 2 + 3)/24, θ 2 = (2λ 1 + λ 2 + 3)/24, for λ = (λ 1 , λ 2 ) ∈ Exp, we have: Again, from (6),
The pairs (θ 1 , θ 2 ) given by g(λ) for λ ∈ Exp, g ∈ S 3 , are illustrated in Figure 6 . The measure d
( (8)) is the uniform measure on the S 3 -orbit of (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 under S 3 for (θ 1 , θ 2 ) = (1/8, 1/8), (1/3, 13/24), (13/24, 1/3), and similarly d ((8/3) ) is the measure for the S 3 -orbit for (θ 1 , θ 2 ) = (3/8, 3/8), (1/3, 7/24), (7/24, 1/3). The remaining points (θ 1 , θ 2 ) that appear in (22) give the measure d (24/5,1/12) . Then the spectral measure for
, and we have obtained the following result:
The modular invariant realised by the inclusion SU(3) 9 ⊂ (E 6 ) 1 [34, 5, 19] is
and its exponents are Exp = {(0, 0), (4, 1), (1, 4), (4, 4), (9, 0), (0, 9), and twice (2, 2), (5, 2), (2, 5)}.
The inclusion SU(3) 9 ⊂ (E 6 ) 1 produces the nimrep E (12) 1 [34, 5, 19] . Then as in (9), with θ 1 = (λ 1 + 2λ 2 + 3)/24, θ 2 = (2λ 1 + λ 2 + 3)/24, for λ = (λ 1 , λ 2 ) ∈ Exp, we have: We illustrate the pairs (θ 1 , θ 2 ) given by g(λ) for λ ∈ Exp, g ∈ S 3 , in Figure 7 . We obtain the following spectral measure for E
Now for the pairs (θ 1 , θ 2 ) given by the measure d ( (4)) , we have J(θ 1 , θ 2 ) 2 = 64π 4 , so that the spectral measure for E
and using (17) we obtain the following result:
The modular invariant realised by the inclusion SU(3) 9 ⊂ (E 6 ) 1 ⋊ Z 3 is again the modular invariant Z E (12) given in (24) . However the nimrep obtained from the inclusion SU(3) 9 ⊂ (E 6 ) 1 ⋊Z 3 is the graph E (12) 2 [7, 19] . Hence the graphs E are isospectral. Then as in (9) , with θ 1 = (λ 1 + 2λ 2 + 3)/24, θ 2 = (2λ 1 + λ 2 + 3)/24, for λ = (λ 1 , λ 2 ) ∈ Exp, we have: We see that the spectral measure for E (12) 2 is identical to that for E ( 
12) 1
, except that the weights (2 + √ 3)/12 and (2 − √ 3)/12 are interchanged, giving:
Graph E (12) 5
The Moore-Seiberg invariant
has exponents Exp = {(0, 0), (3, 0), (0, 3), (2, 2), (4, 1), (1, 4), (6, 0), (0, 6), (5, 2), (2, 5), (4, 4), (9, 0), (6, 3) , (3, 6) , (0, 9) and twice (3, 3)}.
It is realised by a braided subfactor which produces the nimrep E (9), with θ 1 = (λ 1 + 2λ 2 + 3)/24, θ 2 = (2λ 1 + λ 2 + 3)/24, for λ = (λ 1 , λ 2 ) ∈ Exp, we have: Then we obtain the following spectral measure for E
where 
However, it is known that E (12) 4 is a nimrep [13] , and it can be checked by hand that the eigenvalues of E With θ 1 = (λ 1 + 2λ 2 + 3)/24, θ 2 = (2λ 1 + λ 2 + 3)/24, for λ = (λ 1 , λ 2 ) ∈ Exp, we have: The pairs (θ 1 , θ 2 ) given by g(λ) for λ ∈ Exp \ {(3, 3)}, g ∈ S 3 , have all appeared in the computations of the spectral measures for the graphs E
, hence the measures which give these points are known. For the remaining points g ((3, 3) ), g ∈ S 3 , we have J(g(e 2πi/3 , e 2πi/3 )) 2 = 108π 4 , whilst J(e 2πiθ 1 , e 2πiθ 2 ) 2 = 0 for the other points that are given by the measure d (3) , since they map to the boundary of the discoid D. Then we obtain the following spectral measure for E (12) 
The modular invariant realised by the inclusion SU(3) 21 ⊂ (E 7 ) 1 [34, 5, 19] is (4, 13) +χ (10,1) + χ (1,10) + χ (9,6) + χ (6,9) | 2 +|χ (15,6) + χ (6, 15) + χ (15,0) + χ (0,15) + χ (10,7) + χ (7,10) + χ (10, 4) +χ (4, 10) + χ (7, 4) 
with exponents Exp = {(0, 0), (6, 0), (0, 6), (10, 1), (7, 4) , (4, 7), (1, 10) , (6, 6) , (10, 4) , (4, 10) , (15, 0) , (9, 6) , (6, 9) , (0, 15), (13, 4) , (10, 7), (7, 10) , (4, 13) , (10, 10) , (21, 0) , (15, 6) , (6, 15) , (0, 21)}.
The inclusion SU(3) 21 ⊂ (E 7 ) 1 produces the nimrep E (24) [34, 5, 19] . Then as in (9), with θ 1 = (λ 1 + 2λ 2 + 3)/24, θ 2 = (2λ 1 + λ 2 + 3)/24, for λ = (λ 1 , λ 2 ) ∈ Exp, we have: Then we obtain:
where 3 Spectral measures for finite subgroups of SU (3)
The classification of finite subgroups of SU(3) is due to [30, 22, 10, 35] . Clearly any finite subgroup of SU (2) is a finite subgroup of SU(3), since we can embed SU(2) in SU(3) by sending g → g ⊕ 1 ∈ SU(3), for any g ⊂ SU(2). These subgroups of SU(3) are called type B. There are three other infinite series of finite groups, called types A, C, D. The groups of type A are the diagonal abelian groups, which correspond to an embedding of the two torus T 2 in SU(3) given by
The groups of type C are the groups ∆(3n 2 ), and those of type D are the groups ∆(6n 2 ). These ternary trihedral groups are considered in [10, 29, 14] and generalize the binary dihedral subgroups of SU (2) . There are also eight exceptional groups E-L. The complete list of finite subgroups of SU(3) is given in Table 1 . Here Type denotes the type of the inclusion found in [19] which yielded the ADE graph as a nimrep. 
Otherwise the inclusion is called type II. (In the context of nets of subfactors N(I) ⊂ M(I), for I a subinterval of the circle, type I means locality of the extended net M(I)).
We emphasise that the type of the modular invariant is not well defined, as illustrated by the case of Z E (12) in Section 1. The ADE graph E
is a nimrep which is isospectral to the graphs E (12) 1 and E (12) 2 [13] , however Ocneanu ruled it out as a candidate for the modular invariant Z E (12) by asserting that it did not support a valid cell system [32] . This graph was ruled out as a natural candidate in Section 5.2 of [15] . Caution should be taken regarding the type for the graph E is the nimrep obtained from an inclusion, it was shown in [19] that such an inclusion would be of type II.
The fundamental representation ρ of SU(3) corresponds to the vertex (1, 0) of the graph A (∞) . The McKay graph G Γ is the the fusion graph of ρ acting on the irreducible representations of Γ. For most of the graphs G Γ there is a corresponding SU(3) ADE graph/quiver G, which is obtained from G Γ by now removing more than one vertex, and all the edges that start or end at those vertices, as well as possibly some other edges, as was noted in [13] (to obtain the graph E (12) 5 from the McKay graph for the subgroup K ∼ = T P SL(2, 7) an extra edge must also be added). However, unlike with SU(2), for SU(3) there is a certain mismatch between the subgroups Γ, with their associated McKay graphs G Γ , and the ADE graphs. The correspondence is as in Table 1 , where we use the same notation as Yau and Yu [35] for the subgroups E-I. The notation ⌊x⌋ denotes the integer part of x. The subgroup T A 5 (respectively T A 6 , T P SL(2, 7)) is the ternary A 5 group (respectively ternary A 6 group, ternary P SL(2, 7) group), which is the extension of A 5 (respectively A 6 , P SL(2, 7)) by a cyclic group of order 3. The McKay graphs are illustrated in Figures 8-18 . We will now consider the spectral measure for the McKay graph G Γ associated to a finite subgroup Γ ⊂ SU(3). Any eigenvalue of Γ can be written in the form χ ρ (g) = Tr(ρ(g)), where g is any element of the conjugacy class Γ j [21] .
Every element g ∈ Γ is conjugate to an element d in the torus, i.e. ρ(h
2 . Now Tr(ρ(g)) = Tr(ρ(d)) = t 1 + t 2 + t 1 t 2 , thus its eigenvalues are all of the form e iθ 1 + e iθ 2 + e −i(θ 1 +θ 2 ) , for 0 ≤ θ 1 , θ 2 < 2π, and hence the spectrum is contained in the discoid D. For T 2 or the group SU(3) itself the spectrum is the whole of D [21, Section 6.2]. So if Γ is SU(3) or one of its finite subgroups, the spectrum σ(∆) of ∆ is contained in D, illustrated in Figure 1 . Thus the support of µ ∆ is contained in the discoid D. Let Γ be a finite subgroup of SU(3) and Γ j its conjugacy classes, j = 1, . . . , s. Since the S-matrix simultaneously diagonalizes the representations of Γ [26] , then as in [21, Section 4] for the subgroups of SU(2), the elements y i in (5) are then given by y i = S 0,j = |Γ j |χ 0 (Γ j )/ |Γ| = |Γ j |/ |Γ|. Then the m, n th moment ς m,n is given by
Let Φ : T 2 → D be the map defined in (7). We wish to compute 'inverse' maps Φ −1 :
1 ω 2 and z = ω 
Similarly, we need to find solutions ω 2 to the cubic equation ω 3 2 − zω 2 2 + zω 2 − 1 = 0. We see that the three solutions for ω 2 are given by the complex conjugate of the three solutions for ω 1 . Solving (35) we obtain solutions ω (k) , k = 0, 1, 2, given by [3, Chapter V, §6]:
where ǫ k = e 2πik/3 , 2 1/3 takes a real value, and P is the cube root P = (27 − 9zz + 2z
1/3 such that P ∈ {re iθ | 0 ≤ θ < 2π/3}. For the roots of a cubic equation, it does not matter whether the square root in P is taken to be positive or negative. We will take it to have positive value. We notice that the Jacobian J appears in the expression for P as the discriminant of the cubic equation (35) . We can define maps Φ
for z ∈ D. Now Φ(Φ −1 k,k (z)) = z, for k = 0, 1, 2, however, for the other six cases (k, l ∈ {0, 1, 2} such that k = l) we do indeed have Φ • Φ 
where ω (p,j) , j = 1, . . . , s, are given by Φ
Groups A: Z p × Z q
We will now compute the spectral measure for the graph G Γ corresponding to the subgroup Γ = Z p × Z q . When p = q = n − 2, the SU(3) McKay graph of Z n−2 × Z n−2 , Figure Figure 13 : 8, is the "affine" version of the graph A (n) [2, Figure 11 ]. The group contains |Γ| = pq elements, each of which is a separate conjugacy class Γ k,l , where k ∈ {0, 1, 2, . . . , p}, l ∈ {0, 1, 2, . . . , q}. Now
Then by (37),
and we easily obtain:
is given by the 
where d m is the uniform measure on the 2m th roots of unity.
Groups C: ∆(3n
The ternary trihedral group ∆(3n 2 ) is the semi-direct product of Z n × Z n with Z 3 , where the action of Z 3 on Z n × Z n is given by left multiplication of (ω 1 , ω 2 ) ∈ Z 2 3 by the matrix T 3 defined in (8), see [29] . This group has order |Γ| = 3n
2 . It has a presentation generated by the following matrices in SU(3):
In this presentation, the action of Z 3 on Z n × Z n ∼ = S 1 , S 2 is given by left multiplication of the element D ∈ S 1 , S 2 by the matrix T . Here g 1 , g 2 , . . . , g s denotes the group generated by the elements g 1 , g 2 , . . . , g s . We will consider the cases where n ≡ 0 mod 3, n ≡ 0 mod 3 separately.
First we consider the case where n ≡ 0 mod 3. The SU(3) McKay graph of the group ∆(3n 2 ) (not drawn here) is the "affine" version of the graph D (n) [2, Figure 11] . The values of the character of the fundamental representation evaluated over the conjugacy classes of ∆(3n 2 ) are given in Table 2 (see [29] ). Here K n is the region illustrated in Figure  19 and defined by (θ 1 , θ 2 ) ∈ [0, 1] 2 \ {(0, 0), (1/3, 2/3), (2/3, 1/3)} where nθ 1 , nθ 2 ∈ Z and such that 2θ 1 − θ 2 ≥ 0, 2θ 2 − θ 1 ≥ 0 for 0 ≤ θ 1 , θ 2 ≤ 1/2, and 2θ 1 − θ 2 ≤ 0, 2θ 2 − θ 1 ≤ 0 for 1/2 < θ 1 , θ 2 < 1. Note that |K n | = (n 2 − 3)/3 The final row in the table denotes the pair (θ 1 , θ 2 ) given by (e 2πiθ 1 , e
) (
, 0) Table 2 : χ ρ (Γ j ) for group ∆(3n 2 ), n ≡ 0 mod 3. Here ω = e 2πi/3 . Figure 19 :
Let ω = e 2πi/n , and Ω(k, l) be as in (38). Then by (37),
, 0)) (39)
, 0)), where the first summation in (39) is over all (k, l) = (0, 0), (1/3, 2/3), (2/3, 1/3) such that nk, nl ∈ Z n . Now
is on the deltoid, the boundary of the discoid D (c.f. Section 2.6). Then the spectral measure (over T 2 ) for the group ∆(3n 2 ), n ≡ 0 mod 3, is
, 0) Table 3 : χ ρ (Γ j ) for group ∆(3n 2 ), n ≡ 0 mod 3.
where d n is the uniform measure over 2n th roots of unity, ω = e 2πi/3 , and d (n) is the uniform measure over the points in D n .
Now consider the case where n ≡ 0 mod 3. The values of χ ρ (Γ j ) for ∆(3n 2 ) are given in Table 3 (see [29] ). The final row in the table denotes the pair (θ 1 , θ 2 ) given by (e 2πiθ 1 , e 2πiθ 2 ) = Φ −1 (χ ρ (Γ j )). Then by (37),
, 0)),
and we obtain the same spectral measure as for the case n ≡ 0 mod 3. Summarizing, we have: 
where δ x is the Dirac measure at the point x. The points i, −i are the two points in T which map to zero in the interval [−2, 2] under the map Φ from T to the support of the spectral measure for (a subgroup of) SU (2) . See [21] for more details. Let ω = e 2πi/3 as before. Since
, 0)) = Ω(0, ) it is easy to see that
where now the points (1, ω), (1, ω), (ω, 1), (ω, ω), (ω, 1), (ω, ω) are the points in T 2 which map to zero in the support D of the spectral measure for (a subgroup of) SU(3) under the map Φ defined in (7).
Groups D: ∆(6n
The ternary trihedral group ∆(6n 2 ) is the semi-direct product of Z n × Z n with S 3 , where the action of S 3 on Z n × Z n is given by left multiplication of (ω 1 , ω 2 ) ∈ Z 2 3 by the matrices T 2 , T 3 defined in (8) which generate S 3 , see [14] . This group has order |Γ| = 6n
2 . It has a presentation generated by the generators S 1 , S 2 and T of ∆(3n 2 ), and the matrix Q ∈ SU(3) given by
In this presentation, the action of S 3 on Z n × Z n ∼ = S 1 , S 2 is given by left multiplication of the element D ∈ S 1 , S 2 by the matrices T, Q.
We will consider the cases where n ≡ 0 mod 3, n ≡ 0 mod 3 separately.
First we consider the case where n ≡ 0 mod 3. The values of χ ρ (Γ j ) for ∆(6n 2 ) is given in Table 4 (see [14] ), where θ
The set K ′ n is the subset of K n given by (θ 1 , θ 2 ) ∈ K n such that θ 1 + θ 2 < 1, 2θ 1 − θ 2 < 0 and 2θ 2 − θ 1 < 0.
The points (θ 1 , θ 2 ) = (k, −k), for all k = 1/3, 2/3 such that nk ∈ Z n , lie on the boundary of the fundamental domain C in Figure 2 and have weight |Γ j |/|Γ| = 3/6n 2 , thus the S 3 -orbit of (k, −k) contains the three points (k, −k), (k, 2k) and (−2k, −k), each of which has weight 1/6n
2 . The points (k, l) ∈ K ′ n have weight |Γ j |/|Γ| = 6/6n 2 , thus the six points in the S 3 -orbit of (k, l) ∈ K ′ n each have weight 1/6n 2 also. Furthermore, the S 3 -orbit of (1/3, 0) contains six points. Then we see from (37) that
2 ) Table 4 :
where in the first equality the first summation is over all k, l such that nk, nl ∈ Z n and (k, l) = (0, 0), (1/3, 2/3), (2/3, 1/3). In the second equality, the second summation
, 0)) is given by the measure
2 ) given by the third summation
2 )) lie on the lines θ 1 + θ 2 = 1/2, 2θ 1 − θ 2 = 1/2 and 2θ 2 − θ 1 = 1/2, where n points lie equidistantly along the length of each line such that there is a point at each of (1/4, 1/4), (1/4, 0) and (0, 1/4). These points are illustrated in Figure 20 (a) for n = 9. There are 6n distinct points when n ≡ 0 mod 6, but only 6n − 9 distinct points when n ≡ 0 mod 6 as the points (−1, −1), (e πi/3 , ω), (ω, e πi/3 ), and their S 3 -orbits, have multiplicity two. The third summation is thus given by a different measure dε ′ n depending on whether n is divisible by 6 or not. When n ≡ 0 mod 6,
( (4)) + 36 
2 ) for (a) n = 9, (b) n = 8.
whilst for n ≡ 0 mod 3, n ≡ 0 mod 6,
( (2)) .
Thus, we have:
where d ′ is given by
Now consider the case where n ≡ 0 mod 3. The values of χ ρ (Γ j ) for ∆(6n 2 ) are given in Table 5 (see [14] ). The final row in the table denotes the pair (θ 1 , θ 2 ) given by (e 2πiθ 1 , e
2 are defined by (41). Then from (37) we have
2 )),
2 ) Table 5 :
where in the first equality the first summation is over all k, l such that nk, nl ∈ Z n and (k, l) = (0, 0). In the second equality, the points (e
2 ) given by the third summation g∈S 3 nk∈Zn Ω(g(θ
2 )) again lie on the lines θ 1 +θ 2 = 1/2, 2θ 1 −θ 2 = 1/2 and 2θ 2 −θ 1 = 1/2, where n points lie equidistantly along the length of each line such that there is a point at each of (1/4, 1/4), (1/4, 0) and (0, 1/4). These points are illustrated in Figure 20 (b) for n = 8. There are 6n − 3 distinct points, the points (−1, −1), (−1, 1) and (1, −1) having multiplicity two. The measure dε ′ given by the third summation cannot be written as a linear combination of the measures in Definition 2.1, since all the measures in Definition 2.1 are topologically invariant under a rotation of each triangular fundamental domain of T 2 /S 3 (see Figure 2 ) by 2π/3, but dε ′ is not. The measure dε ′ is given by
where δ x is the Dirac measure at the point x. Thus, we have:
The spectral measure (over T 2 ) for the ternary trihedral group ∆(6n
δ (e 2πij/n ,e 2πi(1+2j)/2n ) + δ (e 2πi(1+2j)/2n ,e 2πij/n ) + δ (e 2πi(1+2j)/2n ,e 2πi(1−2j)/2n ) . (43) j 1 2 3 4, 5 6, 7 8, 9 
( 
Group E
The subgroup E has order 108, and its McKay graph, Figure 10 , is the "affine" version of the graph E (8) [18, Figure 13 ]. It is the semidirect product of the ternary trihedral group ∆(3.3
2 ) with Z 4 , where the action of Z 4 on ∆(3.3 2 ) = S 1 , S 2 , T is given by left multiplication of the element D ∈ ∆(3.3
2 ) by the matrix V ∈ SU(3) given by
Note that V 2 = Q, so that E also contains the ternary trihedral group ∆(6.3 2 ) as a normal subgroup. This group is a subgroup of SU(3) but not of SU(3)/Z 3 The values of χ ρ (Γ j ) for E are given in Table 6 (see [25] ). Then, by (37),
) + 1 108 Ω( ) + Ω( , 5 12 )) + Ω(g( 5 12 , 1 12 ))
, 1 6 )) + Ω(g( 1 6 , 2 6 )) + 1 27 g∈S 3 Ω(g(
, 0)).
The set of the three fixed points (0, 0), (1/3, 2/3) and (2/3, 1/3) is D 1 , whilst the last summation above is given by the measure (Ω(g(0, 1/4)) + Ω(g(1/12, 5/12)) + Ω(g(5/12, 1/12))) = 18
( (4)) (ω 1 , ω 2 ), and g∈S 3
(Ω(g(0, 1/2)) + Ω(g(2/6, 1/6)) + Ω(g(1/6, 2/6))) = 12
Then using (17) we obtain the following:
where d (n) is the uniform measure over the points in D n .
Group F = Σ(72 × 3)
The subgroup F has order 216, and its McKay graph, Figure 11 , is the "affine" version of the graph E [18, Figure 14 ]. It has a presentation with generators S 1 , S 2 , T and V of E, and the matrix W ∈ SU(3) given by
The order of W is 4. Note that
It contains the group E as a normal subgroup. This group is a subgroup of SU(3) but not of SU(3)/Z 3 The values of χ ρ (Γ j ) for F are given in Table 7 (see [25] ).
The spectral measure for the group F = Σ(72 × 3) is obtained in a similar way to that for the group E = Σ(36 × 3) in Section 3.4, and we obtain: Theorem 3.6 The spectral measure (over T 2 ) for the group F = Σ(72 × 3) is
where d (n) is the uniform measure over the points in D n . 
Group G = Σ(216 × 3)
The subgroup G has order 648, and its McKay graph, Figure 12 , is the "affine" version of the graph E [18, Figure 14 ]. It has a presentation with generators S 1 , S 2 , T and V of E, and the matrix W ∈ SU(3) given by
where ε = e 2πi/9 . The order of U is 9. Note that U 3 = S 2 2 . It contains the group F as a normal subgroup. This group is a subgroup of SU(3) but not of SU(3)/Z 3 The values of χ ρ (Γ j ) for G are given in Table 8 (see [12] ).
The measures living on the points (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 for j = 1, . . . , 9 and j = 22, 23, 24 have all been computed when we considered the subgroups E and F of SU(3).
Let us denote be Σ
where for each j, θ 1 , θ 2 are given in Table 8 , ω = e 2πi/18 , and the action of g ∈ S 3 on ( ω
2 are (1/9, 2/9), (1/9, 5/9), (7/9, 2/9), (2/9, 1/9), (2/9, 7/9), (5/9, 1/9). The S 3 -orbits for these pairs contain three points each. These points all lie on the boundary of the fundamental domain C, and are Table 8 :
obtained by taking the points (θ 1 , θ 2 ) such that (e 2πiθ 1 , e 2πiθ 2 ) ∈ D 3/2 and then removing the points (θ 1 , θ 2 ) such that θ k ∈ {0, 1/3, 2/3}, k = 1, 2. Then we obtain 3Σ (1/18, 8/18 ), (7/18, 2/18). The S 3 -orbits for these pairs contain six points each, which are illustrated in Figure 21 (a). At these points, J 2 = 48π 4 . We can obtain this distribution by taking the points (θ 1 , θ 2 ) such that (e 2πiθ 1 , e 2πiθ 2 ) ∈ D 6 , illustrated in Figure 21 (b), each with the weight J 2 evaluated at that point. Since the points indicated by white circles in Figure 21 (b) map to the deltoid, the boundary of the discoid D, here J 2 = 0. We must then remove the points indicated by black circles in the interior of the triangular regions in Figure 21 (b) which are not in {g(θ 1 , θ 2 )|g ∈ S 3 }. Then we have Σ
4 . Thus we obtain the following result: Figure 21 : (a) the points {g(θ 1 , θ 2 )|g ∈ S 3 } for j = 16, . . . , 21; (b) the points (θ 1 , θ 2 ) such that (e 2πiθ 1 , e 2πiθ 2 ) ∈ D 6 ; (c) the points (θ 1 , θ 2 ) such that e 2πiθ k is a 6 th root of unity, k = 1, 2. Table 9 :
Group H ∼ = A 5
The subgroup H is the alternating A 5 group, which has order 60. Its McKay graph, Figure  15 , is not the "affine" version of any of the SU(3) ADE graphs. The values of χ ρ (Γ j ) for H are given in Table 9 . For j = 1, 3, the points (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 give the measure (1/5)d 1 × d 1 − (7/30)δ (0,0) , where δ x is the Dirac measure at the point x, whilst for j = 2 we obtain the measure
Thus we have the following result:
where the summation is over k, l such that (±k, ±l) ∈ {(0, 1), (1, 0), (1, 1)}. 3.8 Group I = Σ(168) ∼ = P SL(2, 7)
The subgroup H is the projective special linear group P SL(2, 7), which has order 60. The special linear group SL(2, 7) consists of all 2 × 2 matrices over F 7 , the finite field with Figure 16 , is not the "affine" version of any of the SU(3) ADE graphs. The values of χ ρ (Γ j ) for H are given in Table 10 . For j = 1, 2, the points (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 give the measure (1/6)
, whilst for j = 3 we obtain the measure
For j = 4 we obtain the measure
Theorem 3.9 The spectral measure (over T 2 ) for the group I = Σ(168) ∼ = P SL(2, 7), is
,e 2πil/7 ) + δ (e −2πik/7 ,e −2πil/7 ) , (48) where the summation is over k, l such that (k, l) ∈ {(1, 3), (1, 5) , (2, 3) , (2, 6) , (4, 5) , (4, 6)}. 
Group J ∼ = T A 5
The subgroup J is the ternary alternating A 5 group, which has order 180. Its McKay graph, Figure 17 , is not the "affine" version of any of the SU(3) ADE graphs. The values of χ ρ (Γ j ) for J are given in Table 11 . They are obtained from the character table of H = Σ(60), Table 9 , where each conjugacy class Γ ′ of the group H gives three conjugacy classes Γ as usual. For j = 7, 8, 9, the points (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 give the measure d ( (5)) , whilst for j = 10, 11, 12 they give the measure d ((5/2)) , each with weight 1/5. Thus we obtain the following result: Table 11 : χ ρ (Γ j ) for group J ∼ = T A 5 . Here ω = e 2πi/3 and µ ± = (1 ± √ 5)/2.
Group K ∼ = T P SL(2, 7)
The subgroup K is the ternary P SL(2, 7) group, and has order 504. Its McKay graph, Figure 18 , is the "affine" version of the graph E [18, Figure 15 ]. The values of χ ρ (Γ j ) for K are given in Table 12 . They are obtained from the character table of I = Σ(168), Table 10 , in the same way as the values of χ ρ (Γ j ) for J ∼ = T A 5 are obtained from the character table of H = Σ(60).
The measures which give the points (e 2πiθ 1 , e 2πiθ 2 ) ∈ T 2 for j = 1, . . . , 9 and j = 16, 17, 18 have all been computed for previous subgroups of SU (3) . For j = 10, . . . , 15 we obtain the measure d
(1/21,21/4) . Thus we have: 
Group L = Σ(360 × 3) ∼ = T A 6
The subgroup L is the ternary alternating A 6 group, which has order 1080. Its McKay graph, Figure 14 , is the "affine" version of the graph E [19, Figure 7] . The values of χ ρ (Γ j ) for L are given in Table 13 (see [12] ). The values of χ ρ (Γ j ) for the group L = Σ(360 × 3) ∼ = T A 6 have all appeared for previous groups, and hence it is easy to compute the spectral measure: Table 13 : χ ρ (Γ j ) for group L = Σ(360 × 3) ∼ = T A 6 . Here ω = e 2πi/3 and µ ± = (1 ± √ 5)/2.
